A new cloaking mechanism, which makes enclosed objects invisible to diffusive photon density waves, is proposed. First, diffusive scattering from a basic core-shell geometry, which represents the cloaked structure, is studied. The conditions of scattering cancellation in a quasi-static scattering regime are derived. These allow for tailoring the diffusivity constant of the shell enclosing the object so that the fields scattered from the shell and the object cancel each other. This means that the photon flow outside the cloak behaves as if the cloaked object were not present. Diffusive light invisibility may have potential applications in hiding hot spots in infrared thermography or tissue imaging.
Introduction
Invisibility cloaks, which were first introduced 10 years ago [1] [2] [3] [4] , are still one of the most interesting and popular applications of metamaterials [5] . They have applications in various fields of engineering, such as sensing [6] and imaging [7] . In the past few years, numerous methods were suggested to make objects invisible to electromagnetic radiation [8, 9] . The first attempt can be traced back to coated ellipsoidal and spherical dielectric scatterers proposed by Kerker [10, 11] . He showed that, in
Dispersion relation and Helmholtz-like equation for diffusive photon density waves
Using the first principle of thermodynamics in a closed system and in the absence of radiation and convection, one can show that the photon number density of a DPDW, Φ, obeys the relation ∇ · j + ∂Φ/∂t + υμ a Φ + υς = 0. Here, j, υ, μ a and ς represent the photon current density (photon flow per unit surface and per unit time), the speed of light in the diffusive medium, the absorption coefficient and the source of photons, respectively. Using Fick's first law, i.e. the relation j = −D∇Φ, one can derive
∂Φ(r, t) ∂t + υμ a Φ(r, t) + υς(r s , t) = ∇ · [D∇Φ(r, t)]. (2.1)
The diffusivity D = υ/[3(μ a + μ s )] and it simplifies to υ/(3μ s ) under the P 1 approximation, i.e. μ a μ s [37] [38] [39] , where μ s is the scattering coefficient in the medium. Assuming a piecewise constant D and a time harmonic excitation (i.e. e −iωt dependence) equation (2.1) becomes
2)
The above equation shows that Φ satisfies a Helmholtz-like equation Φ + κ 2 Φ = 0, with a complex wavenumber κ related to the frequency through the dispersion relation κ 2 = (iω − the cloak is residing. In particular, one can notice that the real part of κ 0 tends asymptotically to the limit υ 0 μ a,0 /D 0 when the frequency goes to zero, and is much higher than its imaginary part, due to absorption. At higher frequencies (ω υ 0 μ a,0 ), the real and imaginary parts are equal (since κ 2 0 is purely imaginary, as can be seen in figure 1b).
Analysis of diffusive photon density wave scattering
In this section, to study the scattering of DPDWs, it is assumed that they are generated by a sinusoidally modulated point source in the turbid background medium (region 0) [31, 40] . The resulting DPDWs are spherical waves that propagate outwards from the point source, and it is assumed that they are incident on a spherical core-shell structure, as schematized in figure 1a. The object is coated with a cloaking shell made of a material with tailored parameters. Parameters of object and cloak materials are identified using subscripts 1 and 2, respectively. It can be shown that Φ can be found by constructing general solutions of equation (2.2) in regions 0, 1, and 2 as shown in figure 1a and applying the proper boundary conditions. Without loss of generality, it is assumed that the origin of the spherical coordinates coincides with the centre of the core-shell structure (figure 1a).
(a) Scattering of spherical objects
For the solutions constructed in this section, it is assumed that D 1 and υ 1 μ a,1 have finite values. In region 0, the general solution is the superposition of incident and scattered waves, i.e. Φ 0 = Φ inc + Φ scat , where
is the spherical wave created by the source as shown in figure 1a , r s is the position of the source, and r < and r > denote the smaller and larger of |r| and |r s |, respectively. In equation (3.1), * represents the complex conjugate. The wave scattered from the structure can be expressed as In region 1, the solution is
In region 2, the solution is
Here, j l and y l , and h To simplify the calculations, without loss of generality, it is assumed that the source is located on the z-axis (i.e. θ s = π ) and ϕ s = 0. This means that the terms with m = 0 are zero. Using the conditions (i)-(iv) above together with the solutions in equations (3.1)-(3.4) under this assumption, one can find the scattered field coefficients as s l = −ψ l /(ψ l + iχ l ). Here, ψ l and χ l are given by the complex-valued determinants
and
, (3.6) where
). The scattering cross section (SCS), σ scat , is a measure of the overall visibility of the object to external observers. It is obtained by integrating the scattering amplitude, defined as g(θ, ϕ) ≈ r e −iκ 0 r Φ scat /|Φ inc | when r → ∞, over the full solid angle [24] 
(3.7)
In the quasi-static limit (long diffusion length κ i r j 1, where (i, j) ⊂ (0, 1, 2)), only the first few terms in the summation in equation (3.7) contribute to the SCS. Here, it is assumed that the first two terms (l = 0 for the monopole and l = 1 for the dipole mode, unlike in the electromagnetic case, where the first dominant mode is the dipole mode) are significant. Under this assumption, one has σ scat ≈ 4π/|κ 0 | 2 (|s 0 | 2 + 3|s 1 | 2 ). Consequently, cancelling these two modes, i.e. the object is suppressed. These conditions, which are termed here as the SCT conditions, yield the parameters of the cloaking shell D 2 , υ 2 μ a,2 and r 2 as
where γ = r 1 /r 2 . The conditions in equations (3.8) and (3.9) are used to obtain the material properties of the shell and γ in terms of the material properties of the object and background medium, for effective cloaking in the quasi-static regime.
(b) Perfectly absorbing spherical objects
In this section, conditions on the parameters of the shell material when region 1 is completely filled with a perfectly absorbing object are derived. The expressions of Φ 0 and Φ 2 given by equations (3.1), (3.2), and (3.4) remain unchanged but Φ 1 = 0. Additionally, the boundary conditions at r = r 2 are the same as those used in the previous section, but at r = r 1 , a zero partial flux boundary condition is enforced [30, 35] , i.e.
These new boundary conditions lead to the following expressions for ψ l and χ l :
In the quasi-static limit, for l = 0, one has
This means that, to cancel s 0 , one should select D 2 = 0. It can be shown, after some straightforward algebra, that the condition which ensures that s 1 = 0 (ψ 1 = 0) is given by
(c) Ultra-thin invisibility shells: mantle cloaking
The set-up of the scattering problem is the same as the ones described in the previous sections, except that the scattering reduction is achieved here by a three-dimensional metasurface introduced at r = r 2 instead of a thick shell. By tailoring the values of the metasurface's impedance, one can drastically reduce the scattering from the object it encloses. The boundary conditions at r = r 1 are the same as those described in §3a (continuity of Φ and D i ∂Φ i /∂r) . The
∂Φ ∂n r=r
where
is the averaged surface impedance that relates the averaged fluence on the surface to its averaged flux. This impedance is a function of the geometry of the structure and the wavelength of the excitation and usually varies in a large range of values. Generally, Z d is a complex-valued impedance (R d and X d are, respectively, related to resistive and reactive parts).
Here, a lossless metasurface is assumed, and the metasurface is actually a reactance. Considering the effect of loss, will not sensibly affect the cloaking [18] .
Using these boundary conditions together with the general solutions in equations (3.1)-(3.4), one can show that s l = 0 provided that
is a dimensionless function. Solving the condition ψ 0 = 0 in the quasistatic limit yields
.
This clearly demonstrates that by carefully choosing X d , it is possible to suppress the dominant scattering term in the quasi-static regime.
Numerical modelling (a) Ideal cloaking parameters
Equations (3.8) and (3.9) can be solved numerically to obtain the relation between different parameters of the core-shell structure, for the normalized wavenumber in background κ 0 r 1 = 0.5. Figure 2a plots μ a,2 versus μ a,1 and γ ; the relation described by equation (3.8) when μ a,0 = 0.023 cm −1 , μ s,0 = 6 cm −1 , and υ 0 = υ 1 = υ 2 . One can see from this figure that μ a,2 takes positive and negative values, depending on γ and μ a,1 . The thick line represents the curve obeying the equation γ 3 μ a,1 /μ a,0 = 1, which means that μ a,2 = 0. μ a,2 thus takes negative and positive near zero values above and below this curve, respectively. Similarly, figure 2b,c plot μ s,2 versus μ s,1 and γ ; the relations described by the positive and negative solutions of equation (3.9) for the same parameters as before, respectively. On the other hand, for a small perfectly absorbing object, μ s,2 depends only on γ and is always positive, varying from μ s,0 to values close to zero as shown by figure 2d that plots the solution of equation (3.14).
(b) Cancelling scattering cross section
Two particular scenarios, where scattering of DPDWs from spherical objects is analysed, are considered in this section: (i) a scattering object with μ s,1 = 15 cm −1 and μ a,1 = μ a,0 and (ii) an absorbing object with μ s,1 = μ s,0 and μ a,1 = 0.15 cm −1 . In both scenarios, μ s,0 = 6 cm −1 , μ a,0 = 0.023 cm −1 in the background turbid medium (the P 1 approximation is valid). These values correspond to realistic materials [30] . The radii of both objects are r 1 = 1.2 cm. These two objects are then coated with a shell of radius r 2 = 1.35 cm. In both scenarios, the SCS of the total structure σ scat 2 is computed using equation (3.7), and normalized with the SCS of the bare (uncloaked) objects σ scat 1 . The results are plotted (in logarithmic scale) in figure 3a,b for scenarios (i) and (ii), respectively. While varying μ s,2 and μ a,2 , it can be observed that there are dark and white regions In particular, the minimum of σ scat is obtained for μ s,2 = 7 cm −1 and μ a,2 = −0.25 cm −1 , which fits as well with the predictions of equations (3.8), and (3.9), given by the cross. By comparing figure 3a,b, one can also notice that in the first case, sensitivity to μ s,2 is more evident, since the object is of scattering nature, whereas in the second case, sensitivity to μ a,2 is higher. This can be clearly seen from the shape of the spots (elongated in the y-and x-directions, respectively). Another interesting point is that numerical simulations that implicitly take into account all the terms in field expansion of equations (3.2)-(3.4), follow the predictions of equations (3.8) and (3.9), and equation (3.14) , obtained under quasi-static assumption. This might be accepted since the objects under analysis are smaller than the wavelength of excitation but it also demonstrates the importance of the analysis carried out in this work. The parameters of the cloaking shell can be obtained using available materials [30, 31] , and the negative absorption coefficient of figure 3b can, for example, be obtained using active (emitting) media (e.g. [41, 42] ). Far-field patterns of the fields scattered from (i) the bare scattering object, (ii) scattering object cloaked with the optimal parameters obtained from figure 3a, (iii) the bare absorbing object and (iv) the absorbing object cloaked with the optimal parameters obtained from figure 3b are provided in figure 4a-d, respectively. These figures plot the scattering amplitude in polar coordinates, on the x-y plane. Significant scattering can be noticed in figure 4a,c, while figure 4b,d show that both the scattering and absorbing types of objects can be made almost undetectable at all angles, in the far-field.
(c) Mantle cloaking
Figure 5b plots the SCS of two mantle-cloaked objects as schematized in figure 5a for r 2 = 1.2 cm and r 2 = 1.35 cm. For the computation of the scattering cross section, it is assumed that the surface reactance X d does not vary with frequency (this is a good approximation in a range of wavenumbers around κ 0 r 1 ). In the same figure, scattering cross section of the uncloaked objects with r 1 = 1.2 cm and r 1 = 1.35 cm are also shown for comparison. Note that μ s,1 and μ a,1 are the same as those provided in figure 3b. It is clear that an excellent scattering reduction is achieved over a wide range of frequencies for both cloaks. Figure 5c ,d shows the amplitude of the scattered field in the whole computation domain for the mantle-cloaked object with r 1 = r 2 = 1.2 cm and the uncloaked object with r 1 = 1.2 cm, respectively. It is clear that when the object is cloaked, both forward and backward scatterings nearly vanish. 
Summary
A cloaking mechanism for objects under excitation by DPDWs is studied analytically and numerically. In particular, it is shown that a cloaking shell with tailored diffusivity and photon lifetime or mantle shell with tailored impedance, drastically reduces the scattering from an enclosed spherical object. The results presented in this work help making the cloaking theory one step closer to its practical realization for diffusive light. This mechanism has potential applications in building non-invasive medical imaging devices with moderately broadband features.
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